Let D = (V (D), A(D)) be a digraph and k ≥ 2 be an integer. A subset
Terminology and Introduction
We assume that the reader is familiar with the standard terminology on digraphs and refer the reader to [1] for terminology not defined here. We only consider finite digraphs without loops or multiple arcs. Let D be a digraph with vertex set V (D) and arc set A(D). A cycle is a finite sequence of distinct vertices C = x 0 x 1 · · · x n x 0 such that x i−1 → x i for every 1 ≤ i ≤ n and x n → x 0 , whose length is n + 1. We denote the subpath of C from
where subscripts are taken modulo k. A biorientation of the graph G is a digraph D obtained from G by replacing each edge {x, y} ∈ E(G) by either the arc xy or the arc yx or the pair of arcs xy and yx. A complete digraph is a biorientation of a complete graph obtained by replacing each edge {x, y} by the arcs xy and yx. A complete bipartite digraph is a biorientation of a complete bipartite graph obtained by replacing each edge {x, y} by the arcs xy and yx. A digraph is k-transitive if for any path
The family of k-transitive digraphs have been studied in [4, 5, 6, 7] .
A 2-kernel is called kernel. Kernels have been widely studied. A nice survey on the subject is [2] . Chvátal proved in [3] that recognizing digraphs that have a kernel is an NPcomplete problem, so finding sufficient conditions for a digraph to have a kernel or finding large families of digraphs with kernels have been a very prosperous line of investigation explored by many authors. In 1980, Kwaśnik [9] introduced the concept of (k, l)-kernels generalizing the notion of kernels. The existence of (k, l)-kernels in some digraphs has been studied. In [8] , Galeana-Sánchez et al. showed that every k-transitive digraph has a k-kernel. In [5] , Hernández-Cruz proved that a 3-transitive digraph has a 2-kernel if and only if it has no terminal strong component isomorphic to a 3-cycle. In this paper, we generalize the result to strong k-transitive digraphs and prove that a strong k-transitive digraph with k ≥ 4 has a (k − 1)-kernel if and only if it is not isomorphic to a k-cycle.
(k − 1)-Kernels in Strong k-Transitive Digraphs
We begin with a useful lemma.
When a strong k-transitive digraph D contains a cycle of length at least k, Hernández-Cruz and Montellano-Ballesteros characterized the structure of D as follows.
Theorem 2 [7] . Given an integer k with k ≥ 2, let D be a strong k-transitive digraph. Suppose that D contains a cycle of length n such that (n, k − 1) = d and n ≥ k + 1. Then each of the following holds:
Theorem 3 [7] . Given an integer k with
When a strong k-transitive digraph D contains a cycle of length k − 1, the following lemma holds.
Proof. Since the converse of a k-transitive digraph is still a k-transitive digraph, we only need to show (x, V (C)) = ∅. Again, since D is strong, there exists a path from x to C. Let P = y 0 y 1 · · · y s be a shortest path from x to C, where s ≥ 1, y 0 = x and y s ∈ V (C). Without loss of generality, assume that y s = x 0 . We prove that y 0 dominates some vertex of V (C) by induction on the length s of P . It clearly holds for s = 1. Thus, we assume that s ≥ 2. Note that y 1 · · · y s is a path of length s − 1. By the induction hypothesis, we know that there exists a vertex
] is a path of length k, which implies that y 0 → x i−1 .
The following theorem is our main result.
)-kernel if and only if it is not isomorphic to a k-cycle.
Proof. The necessity is obvious. Now we show the sufficiency. Since every strong digraph contains a cycle, we consider the following four cases. 
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Suppose that C is an induced cycle. We first claim that if there exist x ∈ V (D) \ V (C) and x i , x j ∈ V (C) such that x i → x → x j , where i = j or C[x i , x j ] is a path of length at least three, then x j is a (k − 1)-kernel. Assume, without loss of generality, that i = 0. Then j = 0 or 3 ≤ j ≤ k − 2. It is obvious that for any y ∈ V (D) − S j+1 , d(y, x j ) ≤ k − 2. Let z ∈ S j+1 be a vertex different from x. If j = 0, then zC[x 1 , x 0 ]x is a path of length k, which implies that z → x and so d(z, x 0 ) = 2 ≤ k − 2 as k ≥ 4. Hence, x 0 is a (k − 1)-kernel. Now assume that 3 ≤ j ≤ k − 2. Then zC[x j+1 , x 0 ]xx j is a path of length at most k − 2. Hence, x j is a (k − 1)-kernel and the claim holds.
For any x ∈ S i , by Lemma 4, there exists
] is a cycle of length k. By Case 2, D has a (k − 1)-kernel. Hence, we may assume l = i − 2. Indeed, we may assume that for any vertex z ∈ V (D) \ V (C), there exists i ∈ {0, 1, . . . , k − 2} such that x i−1 → z → x i+1 and z has no other neighbor on C.
Now we show that D is an extended (k − 1)-cycle. Let
We first prove that every vertex of E i dominates every vertex of E i+1 . For any x ∈ E i and y ∈ E i+1 , we have xC[x i+1 , x i ]y is a path of length
is a path of length k, which implies that x ′ → x j . Hence, we have
. It is easy to check that every
Suppose that C is not an induced cycle. Then there exists a chord x j x i in C. Now we will show that x i is a (k − 1)-kernel. It is obvious that for any 
Proof. Since D has no loops,
, then let P be the shortest path from v to x. Then P v is a cycle of length k or k − 1, a contradiction to the hypothesis of Case 4. Proof. Let z ′ ∈ W k−1 and P ′ be a shortest path from z ′ to x. If there exists v ∈ N + (x) such that v / ∈ V (P ′ ), then P ′ v is a path of length k, which implies that
Hence, v ∈ V (P ′ ) and furthermore N + (x) ⊆ V (P ′ ). The proof of the claim is complete.
be a shortest path from u to x, where u k−2 = u, u 0 = x and u j ∈ W j for j = 1, 2, . . . , k − 3, and let Q = x k−1 x k−2 · · · x 0 be a shortest path from z to x, where x k−1 = z, x 0 = x and x j ∈ W j for j = 1, 2, . . . , k − 2. By Claim 2 and the choice of r, we have N + (x) ⊆ {x r , . . . , x k−3 } and w = x r . Again since d + (x) ≥ 2, there exists x p ∈ N + (x) ∩ {x r+1 , . . . , x k−3 }. It is obvious that u / ∈ V (Q) and w / ∈ V (R) In view of this result and Theorem 5, we propose the following conjecture. 
